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AN INVERSE STABILITY RESULT FOR NON COMPACTLY SUPPORTED POTENTIALS BY 
ONE ARBITRARY LATERAL NEUMANN OBSERVATION 


M. BELLASSOUED, Y. KIAN, AND E. SOCCORSI 

ABSTRACT. In this paper we investigate the inverse problem of determining the time independent scalar po¬ 
tential of the dynamic Schrodinger equation in an infinite cylindrical domain, from partial measurement of the 
solution on the boundary. Namely, if the potential is known in a neighborhood of the boundary of the spatial 
domain, we prove that it can be logarithmic stably determined in the whole waveguide from a single observation 
of the solution on any arbitrary strip-shaped subset of the boundary. 


1. Introduction 

In the present paper we seek global stability in the inverse problem of determining the (non necessarily 
compactly supported) zero-th order term (the so called electric potential) of the dynamical Schrodinger 
equation in an infinite cylindrical domain, from a single lateral observation of the solution over the entire 
time span. But in contrast to f30l . where the measurement is performed on a sub-boundary fulfilling the 
geometric control property expressed by Bardos, Lebeau and Rauch in 0, we allow in this paper that the 
Neumann data be taken on any infinitely extended strip-like subset of the lateral boundary, with positive 
Lebesgue measure. 

1.1. Inverse problem. Let us make this statement a little bit more precise. We stick with the notations of 
POl . Namely, ui is an open connected bounded domain in M™ -1 , n > 3, with smooth boundary du, and we 
consider the infinite straight cylinder 17 := oj x M, in R n , with cross section oj. Its boundary is denoted by 
T := dco x M. Given T > 0, p : 17 -A R and uq : 17 —> M, we consider the Schrodinger equation, 

— idtu(x,t) — Au(x,t) + p(x)u(x,t) = 0, (x,t) € 17 x (0,T), (1.1) 

associated with the initial data uq, 

u(x, 0) = uq(x), x £ 17, (1.2) 

and the homogeneous Dirichlet boundary condition, 

u(x,t ) = 0, ( x,t ) £ T x (0,T). (1.3) 

For suitable (real-valued) uq and p, and under appropriate compatibility conditions on these two functions, 
we denote by u p the unique C°([0, T], H 1 (Q)(-solution to the initial boundary value problem (abbreviated as 
IB VP in the sequel) (ll.llMll.3l) . Given an arbitrary relatively open subset 5* of dui, with positive Lebesgue 
measure, we aim for determining the unknown potential p = p(x) from one Neumann observation of 
the function u v on £* := T* x (0,T), where T* := S» x 1 is an infinitely extended strip designed on 
the boundary F of the waveguide 17. We refer to l29l Section 1] for both the relevance and the physical 
interpretation of the system modeled by (II. lb — (1 1.3b and the related inverse problem. 

The uniqueness issue in the inverse problem examined in this paper is to know whether any two admissible 
potentials pj, j = 1,2, are equal, i.e. p±(x) = p-ii'J') for a.e. x £ 17, if their observation data coincide, that 
is if the following identity holds true: 

d u u Pl (x,t) = d„u P 2 (x,t), (x,t) € £*. 
t 
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Here u = u(x), x £ F, denotes as usual the unit outward normal vector to Y and d u u = Vtt • v stands 
for the normal derivative of u. We shall give a positive answer to this question provided the two unknown 
functions pi and p 2 coincide in a neighborhood of the boundary IF This extra information imposed on the 
unknown zero-th order coefficient of (II.II) near Y is technically restrictive, but it is acceptable from a strict 
practical viewpoint upon admitting that the electric potential can be measured from outside the domain O in 
the vicinity of the boundary. 

Actually, the above mentioned uniqueness result follows from a stronger statement claiming logarithmic 
stability in the determination of the potential p from the observation of d u u p on X*. This amount to saying 
that \\p 2 — Pi||l 2 ( 0 ) can be bounded from above in terms of (the logarithm of) a suitable norm of the trace 
of the function d u u P2 — d,/u Pl on X*. Such stability estimates play a key role in the analysis of ill-posed 
inverse problems (in the classical sense of l(36l ). by suggesting regularization parameters and indicating the 
rate of convergence of the regularized solutions to the exact one. 

The main achievement of this paper is that the Neumann data used in this stability estimate can be mea¬ 
sured on any arbitrary unbounded strip-shaped subset T* = S'* x M of the whole boundary T. The key idea of 
the proof is to combine the analysis carried out in J5l|22]], which is based on a Carleman estimate specifically 
designed for the system under consideration, with the Fourier-Bros-Iagolnitzer (abbreviated as FBI in the 
following) transformation used by Robbiano for sharp unique continuation in j45l (see also 13811421 ). Indeed 
we take advantage of the fact that the FBI transform of the (time derivative of the) solution to (11.11) satisfies 
a parabolic equation in the vicinity of the boundary Y in order to apply a Carleman parabolic estimate where 
no geometric condition is imposed on the control domain. 

1.2. Existing papers. There is a wide mathematical literature on uniqueness and stability issues in inverse 
coefficients problems of partial differential equations, see e.g. (6] [TO; [22] 1431 and the references therein. 
However, most of the known results on these two problems require that the corresponding Dirichlet or 
Neumann data be at least measured on a sufficiently large part F ; of the boundary T of the spatial domain 
under consideration, if not on the whole boundary itself. 

On the other hand, when Tj = {x £ T, (x — xo).u(x) > 0}, where xq denotes a fixed point in the 
complement set of f l, is the sub-boundary suggested by the geometric optics condition for the observabil¬ 
ity derived by Bardos, Lebeau and Rauch in Baudouin and Puel (U proved uniqueness and Lipschitz 
stability in the inverse problem of determining the electric potential of the Schrodinger equation from the 
observation of one Neumann data on T#. In the present paper we claim logarithmic stability for arbitrarily 
small boundary parts r# = T* which do no necessarily comply with the geometric condition of Bardos, 
Lebeau and Rauch. Nevertheless this is at the expense of a stronger assumption on the potential, which is 
assumed to be known in a neighborhood of F. 

In the framework this paper, we are dealing with a single observation of the solution. Uniqueness re¬ 
sults for multidimensional inverse problems from a single observation of the solution were first derived by 
Bukhgeim and Klibanov llT4l or Yamamoto ll50l when Fj = F, by means of suitable Carleman estimates. 
For the analysis of inverse coefficients problems with a finite number of observations, based on Carleman es¬ 
timates, we also refer to, Bellassoued |5]|6l, Bellassoued, Imanuvilov and Yamamoto fill . Bellassoued and 
Yamamoto (9][l0]], Bukhgeim Ifl2l . Bukhgeim, Cheng, Isakov and Yamamoto llT3l . Choulli and Yamamoto 
mm i Imanuvilov and Yamamoto ll22l [23 241. Isakov l25l . Isakov and Yamamoto | [26l . Khaidarov l iTil . 
Klibanov ll32l . Klibanov and Yamamoto ll35l . Puel and Yamamoto l43il . and Yamamoto l50l . 

The stability issue in the inverse problem of determining the time-independent electric potential in the 
dynamic Schrodinger equation from a single boundary measurement was treated by Baudouin and Puel in 
Bl and by Mercado, Osses and Rosier in flOl . In these two papers the Neumann data is observed on a 
sub-boundary satisfying the geometric control condition of Bardos, Lebeau and Rauch. This condition was 
relaxed in Q under the assumption that the potential is known near the boundary. 
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As for inverse problems for the non-stationary Schrodinger equation by infinitely many boundary obser¬ 
vations (i.e. the Dirichlet-to-Neumann map, abbreviated as DN map in the sequel), we refer to e.g. Avdonin 
et al. 0, where the real valued electric potential is retrieved from the partial knowledge of the DN map (the 
observation of the Neumann data is performed on a sub-part of T). 

In all the above mentioned papers the Schrodinger equation is defined in a bounded spatial domain. In 
the present work we rather investigate the problem of determining the scalar potential of the Schrodinger 
equation in an infinite cylindrical domain. Actually, there are only a few mathematical papers dealing with 
inverse coefficient problems in an unbounded domain. In |[39ll . Li and Uhlmann proved uniqueness in the 
determination of the compactly supported electric potential in an inifinite slab from partial DN map. In 
l29l , the compactly supported potential of the Schrodinger equation defined in an unbounded waveguide 
was Lipschitz stably retrieved from one measurement of the solution on a sub-boundary fulfilling the geo¬ 
metric control property of Bardos, Lebeau and Rauch. This result was extended to non compactly supported 
potentials in lf30ll . but Lipschitz stability degenerated to Holder stability. Similar uniqueness results for non- 
compactly supported coefficients of the wave equation are derived by Rakesh in l44l and Nakamura in iHTl . 
while the stability issue was treated by Kian in lf28ll . 

1.3. Main results. We start by examining the direct problem associated with (11.1 1) — (1 1.3b . To this purpose 
we consider a fixed natural number k £ N* := {1, 2,...}, and given po £ VF 2 ( fc_1 )>°° (D) and uo £ H 2k (Q), 
we set 

v 0 := u 0 and Vj := (-A + p 0 )vj- 1 for j = 1,... , k — 1. 

We say that uq satisfies the k- th order compatibility conditions with respect to po if the k following identities 

vj(x) = 0, x <E T, j = 0, ■ ■ ■ , k - 1, 

hold simultaneously. Evidently, if uq satisfies the k-th order compatibility conditions with respect to po then 
it satisfies the k- th order compatibility conditions with respect to p for any p £ W 2tk ^ 1 ^°°(Q) verifying 
p = Po in the vicinity of T. 

Further, we introduce the set 

k 

n k = n k (Q x (0 ,T)) := 

3 =0 

where H k (Q) denotes the usual Sobolev space of order k in Q. Endowed with the norm 

k 

IMItA := ll^t’ u llc°([o,T],JT 2 ( fe -t)(n))’ u&'H , 

3=0 

T~L k is a Banach space, and we recall from f30l Theorem 1.1] the following existence and uniqueness result 
for the system (1 1.1 l) - (l 1 .31 ). 

Proposition 1.1. For k £ W fixed, assume that die is C 2k , and pick p £ W 2(k ^ 1 such that we have 

||p||]/l/ 2 (fc-i),oo(Q) < M for some M > 0. Then for any uq £ H 2k (Q ) satisfying the k-th order compatibility 
conditions with respect to p, there exists a unique solution u £ H k to the IBVP (11.11) — (11.31) . Moreover, the 
estimate 

INI H k — C|| u o||iT2fc(Q)> (1.4) 

holds for some constant C > 0, depending only on uj, T, k and M. 

Put N := [n/4] + 1, where [s] stands for the integer part of .s £ M. Then, applying Proposition 
o with k = N + 1, we get that u £ C 1 ([0, T], H 2N (Ft)) satisfies the estimate IMIcHfctTbiT^sr)) 
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C'||'iXo||# 2 (iv+i)(f 2 ). Further, as the embedding H 2N (Ll) L°°(Q) is continuous, since 2N > n/2, we 
deduce from Proposition II .li the following claim. 

Corollary 1 . 2 . Assume that the conditions of Proposition o are satisfied with k = N + 1. Then there 
exists a positive constant C, depending only on uj, T and M, such that the solution u to (fTTtl-tfO) satisfies 
the estimate: 

ll“llc 1 ([0,T],L°°(n)) < C'lko|liY2(JV+i)(Q). 

Having seen this we turn now to introducing the inverse problem associated with (11.1 b — (1 1.3b . We consider 
Po G M) and pick an open subset ujq of uj such that d uj C ufi). Given b > 0 and d > 0, we aim to 

retrieve all functions p : H —>■ R satisfying 

Nb,d{p~Po) ■= \\e b< ' Xn ' >d (p -po)IU°°(f 2 ) < °o and p{x) = po(x) for x G H 0 := u 0 x M. (1.5) 

Here and henceforth (s) is a short hand for (1 + s 2 ) 1 ' 5 , s G M. Notice that the assumption (11.51 ) is weaker 
than the compactness condition imposed in ll29l Theorem 1.1] on the support of the unknown part of p. 
Further, M being an a priori fixed non-negative constant, we define the set of admissible potentials as 

A{pq,uq) := {p € FF 2Ar ’°°(H); p = p 0 in H 0 , \\p\\ W 2 N,oo^ n) < M and N b,d(p ~ Po) < M}. (1.6) 

Last, we chose a relatively open subset S'* of duj, put r* := S* x M and introduce the norm 

ll^t' u ll* := ll^ u ll// 1 (o,r;L 2 (r*))) u F T~i k . 

The main result of this article is as follows. 

Theorem 1 . 3 . Let the conditions of Proposition o he satisfied with k = N + 1 and p = po. Assume 
moreover that uofidfills ||tto||^ 2 (jv+i)(Q) < M' for some constant M' > 0, and that 

zk > 0, 3d 0 € (0, 2d/3), \u Q (x',x n )\ > K,(x n )~ do/2 , (x',x n ) € H\H 0 - (1.7) 

For pj G A(j>o,ujq), j = 1, 2, we denote by Uj the PL N+1 -solution to d 1. lb — (II .3b . where pj is substituted for 
p. Then, for any e G (0, N/2), there exists a constant C = C{u, ujq 1 T, M, M\ b, d, e) > 0, such that we 
have 

Ibi-P 2 || L 2 (n) < <7(113,(1*1 -« 2 )||* + |log ||^(ui -w 2 )||*r 1 ) • (1.8) 

1.4. Comments. Thanks to the extra information p\ = p 2 in the vicinity of I . the sharp unique continuation 
result by Robbiano If46l . Robbiano and Zuily ll471 or Tataru ll48l|491 , entails u\ = 112 and Vui = Vv /2 on 
d(Q \ Ho) x (0, T), provided T > 0 is sufficiently large. Therefore the method developed by Baudouin and 
Puel in 01 yields uniqueness in the inverse problem under consideration. However, since we address the 
stability issue here, it is worth noticing that Theorem 11.31 cannot be obtained by only combining the results 
of 

The technique earned out in this article may be applied, with appropriate modifications, to the determina¬ 
tion of higher order unknown coefficients of the Schrodinger equation, but in order to avoid the inappropriate 
expense of the size of this paper, we shall not go further into details about the treatment of this specific prob¬ 
lem. 

The analysis developed in this paper boils down to a new specifically designed Carleman estimate for 
the Schrodinger equation in the cylindrical domain H x (0, T), when the classical one is valid only in level 
sets bounded by the weight function. For a general treatment of Carleman estimates, we refer to Hormander 
ll20l . Isakov lf25l . Tataru l i48l l. and also to Baudouin and Puel 01, where Carleman estimates are derived in a 
direct pointwise manner. Due to the extra information p\ = p 2 in the vicinity of the boundary T, it is useless 
to discuss here the uniform Lopatinskii condition (see 08l or 01 Section 1.3]) or Carleman estimates with 
a reduced number of boundary traces. 
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We assume in (11.71 ) that |u(-, 0)| = uq j > 0 in any subset of 17 where the electric potential is retrieved. 
This is because the uniqueness of the potential is not known in general, without this specific assumption, 
even in the case where the set {x £ 17 \ 17 0 ; u$(x) = 0} has zero Lebesgue measure. This non-degeneracy 
condition is very restrictive but it is still an open question to know how it can be weakened in the context of 
inverse coefficients problems with a finite number of data observations. 

Notice that in the framework of the Bukhgeim-Klibanov method in a bounded spatial domain Q, it is 
crucial that |uo| be bounded from below by a positive constant, uniformly in 17. But since 17 is infinitely 
extended here, such a statement is incompatible with the square integrability property satisfied by uq in 17. 
Therefore the usual non-degeneracy condition imposed on the initial condition function has to weakened 
into (II.71) . In the same spirit we point out that the derivation of a Carleman estimate in an unbounded 
domain such as 17 is not straightforward and does not directly follows from the corresponding known results 
in bounded domains. 

The subset {x £ T, (x — xo ) • v > 0}, lying in the shadow of the boundary T viewed from a point xq 
taken in the complement set of 17, satisfies the geometric control property introduced by Bardos, Lebeau and 
Rauch in 01- This property is essentially a necessary and sufficient condition for exact controllability and 
stabilization of wave equations. However, due to infinite speed of propagation in the Schrodinger equation, 
this concept is not completely natural in the context of quantum systems. Nevertheless, Lebeau proved in 
f37l that the above mentioned condition guarantees the boundary controllability of the Schrodinger equation 
in H~ 1 ( 17) with L 2 ( 17) boundary controls. 

The remainder of the paper is organized as follows. In section 2, we establish a Carleman inequality for 
the Schrodinger equation and we state a stability estimate for unique continuation. These two results are 
needed in the proof of Theorem 1 1.3 1 which is given in Section 3. Finally, section 4 contains the proof of the 
logarithmic observation inequality stated in Section 2. 

2. Preliminary Estimates 

In this section we state two preliminary PDE estimates which are the main ingredients in the analysis of 
the inverse problem under study. To this end we introduce the following notations used throughout the entire 
text. We consider three open subsets Uj, j = 1,2,3, of ujq, obeying 

ojj Cwj_i and du C dujj, (2.1) 

and we set 

17 j := (c o \ TJj) x M = 17 \ (uJJ x M) and Qj := 17 j x (—T, T ). 

2.1. A Carleman estimate for the Schrodinger equation. A Carleman estimate is a weighted L 2 -norm 
inequality for a PDE solution. It is particularly useful for proving uniqueness in Cauchy problems or unique 
continuation results for PDEs with non-analytic coefficients. Carleman estimates are also well adapted 
to energy estimation in PDEs (see e.g. Kazemi and Klibanov f27Tl or Klibanov and Malinsky |(33ll ). An 
alternative method for the derivation of energy inequalities, which is not applicable to the problem under 
consideration in this paper, can be found in |j3]. 

It is Carleman who first derived in his pioneering paper iflSL a suitable inequality, which was later called 
a Carleman estimate, for proving uniqueness in a two-dimensional elliptic Cauchy problem. Since then, Car¬ 
leman estimates have been extensively studied by numerous mathematicians. For the general theory of Car¬ 
leman inequalities for PDEs with isotropic (resp. anisotropic) symbol and compactly supported functions, 
we refer to Hormander fi20l (resp. Isakov |25l ). For Carleman estimates with non-compactly supported 
functions, see Tataru l48l . Bellassoued (6), Fursikov and Imanuvilov fl9ll , and Imanuvilov l2il . Notice that 
a direct derivation of pointwise Carleman estimates for hyperbolic equations, which are applicable to non 
compactly supported functions, is available in Klibanov and Timonov’s paper lf34l . 
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Although Carleman estimates for Schrodinger operators in a bounded domain are rather classical (see 
e.g. ID SI S3), we seek in the context of this paper, a Carleman inequality for the operator 

P := L + p with L := —idt — A, (2.2) 

acting in the infinite cylinder fi. We start by defining suitable weight functions. To this end we fix xf £ 

M n-1 \Zu and put 

/3(x') := \x — Xq |^ , x £ oj, (2.3) 

in such a way that (3 £ C 4 (uJ). Here \x'\ denotes the Euclidian norm of x' £ M n_1 . Next, for every 
x = {x' , x n ) € H, we set 

f3(x) := ft{x') + K, where K := r||/)|| i 0 o( w ) for some r > 1, (2.4) 

and we define two weight functions associated with the parameter A > 0: 

g A/3(x) e 2 ^ K — e^d( x ) 

; (T + t)(T — t) ’ (T + t)(T — t) v ; v ' 

Finally, for all s > 0, we denote by M\ (resp. M 2 ) the adjoint (resp. skew-adjoint) part of the operator 

e~ sr) Le sri , acting in ( Cq d )'(Q ), i.e. 

Mi := idt + A + s 2 |Vp| ‘ : and M 2 := is(d t rj) + 2sVp • V + s(Arj), (2.6) 

where we recall that L is the principal part of the operator P given by (12.21) . 

Having said that, we now state the following global Carleman estimate for the operator P. 

Proposition 2.1. Let 13, (p and // be given by (12.3b — (12.5b . and let the operators Mj, j = 1,2, be defined by 
(12.61) . Then there are two constants so > 0 an d C > 0, depending only on uj and T, such that the estimate 

s\\e- S71 V x/ w\\ 2 L2{Q2) +s 3 \\e- sv w\\l HQ2) + \\M je - sri w\\ 2 L2{Q2) 

3 = 1,2 

< C ^||e _ST? P«;||| 2 (Q) + \\a~ sv yx’w\\h{Q 3 \Q 2 ) + ll e ” S '' u; lli2(Q3\Q2)) ’ 

holds for all s > sq and any function w £ L 2 (—T,T]P[q(LI)) verifying Pw £ L 2 (Q). 

Proof. The proof boils down to l[29l Proposition 3.3], which provides two constants so > 0 and C > 0, both 
of them depending only on oj, T and M, such that we have 

s\\e-">V a! 'w\\ | 2(Q) + s 3 \\e~ sri w\\ 2 L 2 {Q) + ^ \\M je - sri w\\ 2 L2{Q) < C\\e~ sri Pw\\ 2 l2{q) , (2.8) 

4 = 1,2 

for every s > so, and any w £ L 2 (—T, T ; H q (H)) obeying Pw £ L 2 (Q) and d u w = 0 on S. Next we pick 
a cut-off function x C C°°(M n_1 , [ 0 , 1 ]) satisfying 

I 1 if x’ £ u \ 

X{x ) = < 

^ 0 if x‘ £ W 3 , 

and apply the estimate (12.81) to w(x,t ) = x( x ') w ( x P)- Using that Pw = xPw + [P,x]w, where \A,B\ 
stands for the commutator of the operators A and B, and taking into account that \P. x] is a first order 
differential operator whose coefficients are supported in H 3 \ f) 2 , we obtain (12.71 ). □ 
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2.2. Logarithmic stability of unique continuation. The unique continuation of a solution to the Schrodinger 
equation (11.11) from lateral boundary data on T* was proved by Phung in | [42l l. The coming result claims 
stability for the same problem. 

Lemma 2.2. Let pj £ A(po,ujq) for j = 1,2, let Uj be a solution to the Schrodinger equation (11.11) where 
pj is substituted for p, and put u := u± — « 2 - Then for each T > 0 and all p. £ (0,1), we may find a constant 
C = C(u,U}q,T : M, M' , p) > 0, depending neither on p\ nor on p 2 , such that we have 

ll^i' u lll 2 ((r 23 \n 2 )x(o,T)) + H^'^ u llL 2 ((n3\n2)x(o,T)) — C (ll^“L + |1°S II^^IU ) • (2-9) 

The proof of this result boils down to the analysis carried out by Robbiano in 6451 l46l or Phung in l l42l . 
by means of the FBI transformation. Since it is rather lengthy, we postpone it to Section 4. 


3. Proof of Theorem 11.31 

In this section we establish the stability estimate (11.86 by adapting the Bukhgeim-Klibanov method pre¬ 
sented in m, to the context of the infinite waveguide 1 1. The first step involves linearizing the system 
(11.1 b — (1 1.3b and symmetrizing its solution with respect to the time variable t. 

3.1. Linearization and time symmetrization. With reference to the notations of Theorem 11.31 we put 
p := p 2 — pi and notice that u := u\ — U 2 is a '% Ar+1 -solution to the IB VP 

—idtu — Au +p\u = pu 2 in 12 x (0, T) 

< 7t(-,0) = 0, in Q (3.1) 

u = 0, in T x (0, T). 

In particular we have u £ C 1 ([0, T] \ Ii 2N (f 'l)), hence upon differentiating (13.16 with respect to t, we get that 
v := dtu £ ~H n is solution to the system 

—idtv — Av +p\v = pdtU 2 in 12 x (0, T) 

< n(-,0) = ipuo, in 12 (3.2) 

v = 0, on T x (0, T ). 

Further, putting 712 ( 2 ;, —t) := 712 ( 2 ;, t) for all (x, t) £ 12 x (0, T] and bearing in mind that uq and p are real¬ 
valued, we deduce from (13.26 that the function v, extended on [— T, 0) x 12 by setting v(x, t ) := —v(x, — t ), 
is the nf =0 C fc ([-T, T], H 2 ( N ~ k ) (12))-solution to the system 

—idtv — At; + p\v = pdtU 2 in Q = 12 x (—T, T) 

< v(-,0) = ipuo, in 12 (3.3) 

v = 0, on S := T x (— T, T). 

The second step in the derivation of (11.86 is to apply the global Carleman inequality of Proposition 12. ll to v 
in order to establish Lemma [Tl] stated below. 
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3.2. An a priori estimate. We stick with notations of Subsection 13.11 and establish the following technical 
result, which is quite similar to ll29l Lemmas 3.3 & 3.4] and 11301 Lemma 3.3]. Nevertheless we include the 
proof just for the convenience of the reader. 

Lemma 3.1. Let v denote the C 1 ([—T, T], L 2 (Q)) n C°([— T, T], Hq(Q) n H 2 (Ll))-solution to (13.31) . Then 
there exists a constant C > 0, independent of s, such that we have 


o||| 2( a) < Cs~ 3 / 2 (\\e- sr >^pd t u 2 \\ 2 L2(Q) + \\e~^V x/ v 


u 2 IIl 2 (Q) 


X' u \\ L*(Q 3 \Q 2 ) 


+ We-^'v 


~ sr l,A\ 2 , 


I l 2 (q 3 \q 2 ) 


uniformly in s £ (0, +oo). 

Proof Put <p(x, t ) := e~ sv ^ x ’ t ^f(x , )v(x, t ) for (x, t) £ 0 x (—T, T), where £ £ Cq°(uj) is a cut-off function 
satisfying 


£00 = 


1 if x £ uj \ ut\ 
0 if x £ u 2 . 


In light of (12.4I) - (12.5I) we have lim ri(x,t) = +oo for every x £ Ll, and hence lim (b(x,t) = 0. As a 

4(-T) 4(-T) 

consequence it holds true that 


dt\4>\ 2 (x, t)dxdt = 2Re 


ll<K-,o)||| 2(a) = 

0 ) 

On the other hand, (12.61) and the Green formula yield 


lei: 


/Cx(—T,0) 


(■ dt4>)(f){x , t)dxdt 


) 




(3.4) 


Im 


/ (Micf>)4>(x, t)dxdt\ = Re 

/(!x(-T, 0) y 


XL 


f2x(-T,0) 


(dt4>)(f>(x,t)dxdt + R, 


where 
i? = Im 


' Qx(—T,0) 


(A(j))(j)(x,t)dxdt + s ||(V?7)0|| L 2 (nx( _ Ti0)) = 


= — Im 




L 2 (Qx(-T, 0)) 


= 0. 


We deduce from this. (13.41 ) and the identity ||0(-, 0)||z, 2 (r 2 ) = ll e 0 )||l 2 (R)> that 


e -^(-,o) € „(. j0 )||= a(n) = 21m 


lnx(-T, 0) 


(M 1 (j))(j)(x,t)dxdt S j < 2||Mi0|| L 2 ( q ) || 0|| L 2 (q) 


< s 3/2 ( s ll e S77 V^||| 2 ( Q 2) + s 3 ||e s ^|li 2 (Q2 ) + ||Mie sr? ^||i 2(Q2) ) - 

Finally, the desired result follows from this upon recalling (13.31) . applying Proposition 12. 1 I to v, and noticing 
from (12.4M2.5I) that rj(x, t ) > p(x, 0) for all (x, t) £ Q. □ 


3.3. End of the proof. For any fixed y > 0 it follows from Lemma [37T1 that 

l|e-’ i( -’VollL„ ><( _ Ml) < C,~^ (||e-*’<-.%a«|| 2 2w) + £> 2 ) , » > 0, (3.5) 

where g 2 := || ^x' v W‘l 2 (q 3 \q 2 ' ) + Here and i n the remaining part of the proof, C denotes a 

generic positive constant that is independent of s. 

Notice from (11.71 ) and the vanishing of p in (2o that the inequality |(puo)(x)| > K(y)~ d °/ 2 \p(x) holds 
for every x £ u x (— y, y). Furthermore, we have \\dtu 2 \\L°°(Q) < C by Corollary 1 1.21 and //(.x, 0) > 0 for 
every x £ 12, by (12.4I )- (12.5I) . so we may deduce from (13.51) that 

( K 2 {y)~ do - Cs" 3/2 ) \\e~ sr,{ ' fi) p\\ 2 L 2 (ljJxi _ yty)) < Cs~ 3/ 2 (||p||i a(wx(RX( _ y)1/))) + Q 2 ) , s > 0. (3.6) 
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Thus, taking s = (k 2 /(2 C)) 2 / 3 (y) 2d °/ 3 in (13.61 ) and recalling from (12.4M2.5I ) that \\rj (., 0)||£oo(q) < 
e 2XK /T 2 , we obtain that 

\\p\\L 2 (ux(-y,y)) ^ Ce 0 ^ ° (ibllla^x^x^))) + Q 2 ^ ■ (3.7) 

Moreover, as ||p|li 2 (wx(R \ ( _ yiV))) < C'||e^ 26< ‘ >d ||z.i(M\(- y ,^)) from <0), we have for any 5 E (0, b), 

lblli^x(R\(—„,„))) < C\\e- s ^\\ Llm e-( 2b ~ s ^ < Ce-W-^ d . (3.8) 

Putting this together with (13.71) we find that 

IIPIT,< Ce c <»>““' S . (3.9) 

Set gs := e~( 2b ~ 5 ' > and let us now examine the two cases o E (0, gs) and g E [gs, +oo) separately. First, 

if g E (0, p^) we take y = y(g) := ( — l) in (13.91 ) so we have g 2 = e -( 2b - 5 )(?/> d , and 

consequently 

l|Pllh(.x(-„)) < (3.10) 

Since d > 2do/3 we have sup tG ( 01 ) e ct 2d o /3 -5t d < q-Q^ whence (13.101 ) yields 


MU 


ux(-y,y)) — C 


sup e 

te(i,+oo) 


Ct^-st d e -2 {b -6) { y) d < ^ e G (0> w)) ( 3 . 11 ) 


with 

0-.= ^-^£ (0,1/2). (3.12) 

On the other hand, we have ||p| 2( uX (i\(-i/ y))) — Ce~ 2 ^ b ~ s ' ) ^ y ' >d < Cg 26 for all g E (0, gs), by (13.81) . This 
and (13.1 II) entail 

IHli^n) <Cg 2e ,ge (0,g s ). (3.13) 

In the case where g E [pa, +oo), we use the upper bound ||p|| 2 2 ^ < C7||e 2b A d arising from (II.51 ). 

and obtain that 

lblll 2 (n) ^ C (ll e \\l 1 (r)/Qs 9 ') e 2d < Cg 29 , g E [gs, +oo). (3.14) 

Now, recalling that v = dtu and applying Lemma |T21 to u, we get 

Q 2 <C (||0»,u||,+ |log||<Vu||J -1 ) ** , (3.15) 

for any arbitrary y E (0,1). Therefore, 0 being any real number in (0,1/2), according to (13.121 ) and since 5 
is arbitrary in (0, b ), the estimate (11.81 ) follows from (I3.13M3.15I ) upon taking e = QyN. 


4. Logarithmic observability inequality: Proof of Lemma 12721 

In this section we prove the logarithmic observability inequality stated in Lemma lT2l 
Prior to doing that we recall for further reference from the energy inequality (11.41 ) with k = N + 1, that 
for any pj E A{ujq, M ), j = 1,2, the solution v = <9/ (u 1 — u 2 ) to the IB VP (13.31) satisfies the estimate 

I b 11 C n ([—T,T\ ,L 2 (f2)) + Ibllc^-iq-TT],!? 2 ^)) — 2C'||uo||^2(JV+i)(Q), 

where the positive constant C = C(oj, co 0 , T, M , M r ) > 0 is the same as in (11.41) . 


(4.1) 
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4.1. A parabolic Carleman estimate for unbounded cylindrical domains. In this subsection we state 
a parabolic Carleman estimate for the Schrodinger equation in unbounded cylindrical domains, which is 
needed in the proof of Lemma [2721 To do that, we start by introducing the set 

S'tt := duo \ du and Tjj := S# x M, 

and we assume without loss of generality (upon possibly smoothening O'jJq by enlarging a; 0 ), that is C 2 . 

Then, with reference to 1231 Lemma 2.3] and its proof, we pick a function iJjq £ C 2 (lJq), obeying the four 

following conditions: 

V’o(V) > 0,x' £ cuo and | V'0o(^ / )| > 0, x £ uJq, (4.2) 

ipo(x') = 0,®' £ 5jj and d u ipo(x') < 0, x' € duto \ S*. (4.3) 

Next we put £(r) := (1 — r)(l + r) for each r £ (—1,1), and introduce the two functions 

e \(4> 0 (x')+a) 

<Po(x',t):= -\-, x £ w 0 , T £ (-1,1), (4.4) 

£[r) 

and 

e \(ip 0 (x')+a) _ e -MIIV’ollz,°°(^ 0 )+ fc ) 

a(x',r):=- - - -, x £ ut 0 , r £ (-1,1), (4.5) 

£(r) 

where A £ (0, + oo ) is a fixed parameter, Co is the function defined by (14.2[ ) ( |4. 3 b . and 

IIV’oll l°°(w 0 ) <a<b<2a - H^oIIl-^o) . 

Further, in connection with the Schrodinger operator P defined in (12.21) . we consider the formal parabolic 
operator in fig = wg x M, associated with some fixed parameter h £ (0,1), 

C h := /i -1 <9 r - A + pi. (4.6) 

We are now in position to state the following Carleman estimate for the operator Ch,. 

Lemma 4.1. Let <^o and a be defined by (I4.4I) - (I4.5I) . and for h £ (0,1) fixed, let Ch be defined by (14.61) . 
Then we may find three positive constants Ao, &o an d Co, such that for every A > Ao and a > <7 q / h, the 
estimate 

a\\ e v x /w\\L*(n 0 x(-i,i)) +(T W e ^Hl 2 (^ 0 x(-i,i)) 

< C 0 (||e a “^[|2 2(noX( _ 11)) +a||^o /2 e <Ta ^u;||| 2(riX( _ ljl)) ) , (4.7) 

holds for w £ L 2 (— 1,1; Hq (Qq)) verifying ChW £ L 2 (—1,1; L 2 (flo)) and d v w £ L 2 (— 1,1; L 2 (T*)). 
Here the constant Cq > 0 depends continuously on A, M, M' and h, but is independent of a. 

We stress out that a result similar to Lemma |4~T1 can be found in [[231 Lemma 2.4] (see also [TS’. lfi]) in 
the context of bounded spatial domains. 

The dependence of the various constants appearing in (14.71) . with respect to the parameter h £ (0, 1), is 
made precise in the derivation of Lemma 14.11 which is given in Appendix A. 

4.2. A connection between Schrodinger and parabolic equations. As pointed out by Lebeau and Rob- 
biano l!38l . Robbiano ll46l . Robbiano and Zuily l47l and Phung B21 . connections between solutions of 
different types of PDEs may be useful for examining the controllability of numerous Cauchy problems. In 
this subsection we prove that the FBI transform of where v is the solution to (13.31) and % = x( x ') i s 
a suitable cut-off function that will be made precise below, is solution to a parabolic Cauchy problem in 
fig = COq X M. 
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Prior to doing that we introduce the FBI transform as defined by Lebeau and Robbiano in If38l . To this 
purpose we fix /i G (0,1) and choose m G N* so large that 

2m > N and p := 1-> p. (4.8) 

2m 

Then for any 7 G (1, + 00 ), the function 


FJz) ■= — [ e^e-W^dr], z£C, (4.9) 

2 vr Jr 

is holomorphic in C, and there exist four positive constants C 3 , j = 1 , 2 , 3,4, none of them depending on 7 , 
such that we have 

\F^(z)\ < Ci 7 p e C 27 l Imz l 1/P , zeC, (4.10) 

and 

|F 7 (z)| < C'i 7 p e _c ' 37 l Re ^l 1/P , ze{ze C, |Imz| < C^Re^} . (4.11) 

Given To G (T/3, + 00 ), we consider a cut-off function 0 G obeying 


6(t)) 


1 if M < 2T 0 
0 if \rj\ > 3T 0 , 


(4.12) 


and we define the partial FBI transform of w G <S(M" +1 ) by 

t) := ^w(x, z) = / Fry(z ~ rj)6(ri)w(x,hr])dr], z = t — ir, (4.13) 

Jr 

for all t G (—To, To), r G (—1,1), 7 G (1, + 00 ) and x G IT, where h := T/(3To). 

Next, taking into account that uj\ C 07 , by (12.11) . we deduce from the continuity of the function 77 
introduced in Subsection 14.11 and from the first part of (14.21) . that there exists a constant j3o > 0 such that 


ipo(x') > 2/3 0 , x' G w 2 \ w 3 . 


(4.14) 


Moreover, due to the vanishing of 1/7 on S$, imposed by the first claim of (14.31) . we may find a subset 

c ojo \ aJT such that 

Sfi C w# and 7 ) o(x') < /?o f° r x' G oA (4.15) 

Let us now pick C tA such that 5jj C w#, and introduce a function 7 G C°°(M n_1 , [0,1]) satisfying 


x (*0 


1 if x 7 G wo \ ^ 
0 if x 7 G uA 


(4.16) 


Thus, bearing in mind that p = pi — P 2 vanishes in Go and that v is the solution to (13.31) . we easily find that 
the function w(x, t ) := x( x ')v(x, t) satisfies the IB VP 


—idtw — Aw + p\w 
< w( 0 ,-) 

w 

Moreover, we deduce from (14.11) that 


in Qo ■■= G 0 x (-T, T) 

0 , in Go 

0 on Sq := <9Gq x (—T, T). 


(4.17) 


\\ w \\c N ([-T,T],L 2 (Q)) + ll^llc^-VI-TTT 2 ^)) A C , ||«o||jT 2 ( JV + 1 )(n)! 


(4.18) 
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where C denotes a generic positive constant that is independent of 7 . From this, (14.101) and (14.13b . we get 
two positive constants C = C(ui, coq . T. To, M, M') and <5i, the last one being independent of To, such that 
the estimate 

ll u, 7,*lli 2 (n 0 x(-i,i)) + ll^ u '74lll 2 (n 0 x(-i,i)) — Ce Sl1 , 

holds uniformly in t £ (—To, To) and 7 £ (1, + 00 ). 

We turn now to establishing that w 1) t is solution to a parabolic Cauchy problem in Oq, we shall make 
precise below. To do that we derive from (14.13b upon integrating by parts that 

h~ 1 d r w 1 : t(x, t) = —i^y(dtw)(x, z) — ih~ l / Fy(z — rj)9'(rj)w(x, hrj)dr), z = t — it. 

Jr 

Next, as we have A w lt t(x, r) = ^(Aw)(x, z) by direct calculation, we get upon applying the FBI trans¬ 
form to (14.171) and remembering (14.61 ). that 


C h w lit ( x ,r) 


Ay tt (x, t) + B ltt (x, r), (x, t) £ Q 0 x (-1,1), 
0 , (x,t) £ dQ 0 x (- 1 , 1 ), 


(4.19) 


where 

Ay )t (x,T) := - / T 7 (z - 77 ) 0 ( 77 ) [A x ',x]v(x,hr])dr] = - [A^/, x] v 7 it (x, r), (4.20) 

Jr 

and 

B 1 :t (x,T) := — ihT 1 / T 7 (z — rj)9'(rj)w(x,rjh)drj, z = t — it. (4.21) 

Jr 

The next step of the proof is to apply the parabolic Carleman estimate of Lemma |4~T1 to the solution Wy.t 
of (14.191) in order to derive the coming result. 


Lemma 4.2. There exists e £ (0,1), Sj > 0 for j = 2,3, and 70 > 0, such that any solution vjy.t to (14.191 ) 
satisfies the estimate 

Il u; 74lll 2 ((n 3 \n2)x(-£,e)) + ll^' W 74llL 2 ((n 3 \C 2 )x(-e,e)) < ^ ( e ^ ^ \\9 v Wj,t lli 2 (r* x (-1,1))) I 

uniformly in t £ (—To, Tq) and 7 £ [70, +00). 


Proof. Fix 7 £ (1, +00) and t £ (—To, To). In light of (14.191) . we apply the Carleman estimate of Lemma 
l44lto w 7 t t, and find for every o £ [cto/h, +00) that 

CJ ll eCTa Va:'^ 7 ,t||| 2 (n oX (_ lil )) + 0-3 II e<TO! u, 7»* 11X, 2 (fl 0 x (—1,1)) 

< Co ||*(_!,!)) + l|e' Ta T 7!t ||| 2 (Q oX (_ 1]1 )) + cr llT : 'o /2eCrC1 ^ ,u; 7 ,*llz. 2 ( r * x (— 1 , 1 ))^ 4 -22) 


Further, we notice from (14.161) that Ay jt (-,r) is supported in flj := cc ; x M for every r £ (—1,1), and from 
(14.51) and (14.151) that a(x'. r) < {—pi) for all (x',t) £ tu* x (—1,1), with p\ := e A ^ 0+c 4 > 0. 

As a consequence we have 

ll e<Ta ^74lli 2 (a 0 x(-i,i)) — e 2Atlf7 ll^74lli 2 (n,,x(-i,i)) — e 2/ ’ tl<T ll^74llz, 2 (n 0 x(-i,i))- (4-23) 

The next step is to chose e £ (0, 1) so small that /r 2 (e A (H^°llao+ 6 ) — e x ^ 0+a ^) / £{e) < p,\. Then, bearing 
in mind that £(r) > £(e) > 0 for each r £ (— e,e), we see from (14.141) that a(x',r) > (—P 2 ) for every 
(x r , t) £ (lu 2 \ 0 J 3 ) x (—£, e). This entails that 


3 - 2 /i 2 o- 


(l|Vx^ 7>t ||| 2((n3 \ n2)x( _ 6i6)) + Ik7,t|||2((n 3 \n 2 )x(-6,e)) 


< CT||e ,ra V a; ^ 7 i 4 || 22 (QoX( _ lil)) + CT :J, ||e ff “m 7 ) 4 ||| 2 ((noX( _ 1 , 1)) , a £ [l,+oo). 
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Setting /j, \= fii — H 2 , it follows from this and (14.22M4.23I) that 

HV 3; ^ 7 ,t|li2 (( o 3 \a 2 ) X (_ £ , £ )) + 11 ^74111 2 ((n 3 \o 2 ) x (-£,e)) 

< C (e- 2 ^||A 7)4 ||| 2(noX( „ 1 )1)} + e 2 ^ 2 <T ||S 7!t || 2 2(noX( _ 11)) + ae 2 /i 2 ff ||e <TQ ^ / 2 ^m 7 if || 2 2 (rtX( _ 1 (| ) ^l) 


whenever a G [co/h, +oo). Here we assumed upon possibly substituting max(l, ao/h) for op, that op > h. 

In view of (14. 1 01) and (14.201) . the first term in the right hand side of (14.241) can be treated with the energy es¬ 
timate |Mlc°([-T,T],.ffi(fi)) < 2 C'||rto||^ 2 (jv+i) ( -Q), arising from (14.11) : We get a constant 5' > 0, independent 
of To and 7 , such that 

Py4 I| 2 l 2 (O 0 x(— !,!)) < Ce 5 '\ t G (-To, To). (4.25) 

For the second term, we take into account the vanishing of O' in the interval (— 2To, 2To), imposed by (14.121) . 
and deduce from (14.1 II) and (14.211) that 


l^74lli 2 (o 0 x(-i,i)) < Ce-~ ST o P \ t G (-To, To), 


(4.26) 


for some constant 5 > 0 depending neither on To nor on 7 . Here we used the estimate \\w\\c 0 ('-T/r}j: 2 (<A)) < 
C'||rto|| H 2 (jv+i)(Q) arising from (14,181 ). 

Last we notice from (14.3b — (14.5b that ip^ 2 e aa is bounded on S’* x (—1,1), and then deduce from (14.24b - 
(14.26b that 

l|V,^ 7 ,t|li2 ((a3VQ2)x( _ £i£)) + ll u; 7 4llL 2 ((n 3 \n 2 )x(-e,£)) 

< C ^e~ 2tia+s ’' r + e 2 ^ 2a -^ T o /P ' Y + o-e 2/i2cr ||(9 i/ u; 7 ^||| 2(rtX( _ 1 , ae[a 0 /h,+ 00 ). (4.27) 

Now, set 70 := max (1,3<ro/T) and for 7 G [ 70 , + 00 ), take cr := T 07 > ao/h in (14.271 ). As the sum of the 
two first terms in the right hand side of (14.271) is majorized by e (“ 2 M T o+ 5 , )7 _|_ ( 2 // 2 'Aj—4?;, p ) 7 <- (j e -& 2 x 
upon taking To sufficiently large, since 1/p > 1, we end up getting for all t G (—To, To) that 

ll v z' w 7 4llL 2 ((fi 3 \n 2 ) X (- £ , £ )) + ll u; 74lli 2 ((n 3 \n2)x(-£,£)) 

< C'(e ~ 527 + e' 537 ||5 l/ u; 7!t ||^ 2(rjiX( _ 11)) ) , 7 G [ 70 ,+ 00 ), 

which entails the desired result. □ 


4.3. Completion of the proof. Set w 1 (x, t ) := 0) and recall from (14.131) that we have 

VJry(X,t) = (Fry * (0 w ) ( x , •) ) (t ) , ( 4 . 28 ) 

for all 7 G [ 70 , + 00 ), x G M n and t G (—To, To), where T 7 is defined in (14.91 ) and w(x, rj) := w(x, hr/). 

Let us first deduce from Lemma l4~2l the following estimate on w T 

Lemma 4.3. There exist two positive constants 5j, j = 4, 5, such that the estimate 

||Va;'U; 7 ||^2((Q 3 \ a2 ) x (_ ro /2,To/2)) + 11^7 llz, 2 ((n 3 \Q 2 )x(-T 0 /2,To/2)) 

< C [e. + e <5s7 ||c)j / u;|| 2 2 ( rtX (_ 3 r0i 3 To ))^ , 

holds for all 7 G [ 70 , + 00 ) and for Tq sufficiently large. 
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Proof. Let e £ (0,1) be given by Lemma l4~2l and (ix k £ [T 0 — e, T 0 + e\. We assume (without restricting 
the generality of the reasoning) that e < To/2. Since w^(x,z) := ro 7 .R e (z) (x. Irn (z)) is analytic in z £ 
{C £ C, Re (C) £ (—Tq, To), Im (() £ (—1,1)} for every fixed x £ oj 2 \ ui 3 , the Cauchy formula yields 


w~,(x, k) 


— f 

2m J\ z _ K \ =e z-k 


1 /" 27r 

— / w 1 {x, n + ge l< ^)d(f>, p£( 0 ,e). 

27r Jo 


Therefore we have | w 1 {x, k )| 2 < (2n) 1 J 0 27r |m 7 (x, k + ge 1 ^)| 2 df, from the Cauchy-Schwarz inequality. 
Since the above estimate is valid uniformly in g £ (0, e), we find that 


Wry(x,l\) | 2 < 

< 

< 


£ p 2 tt 


2 i re 


0 ■'0 


iu 7 (x, k + pe*^) 


dfidg 


|r|<e J\t— re|<£ 
1 -T 0 


| w 1 (x,t + zr) | 2 dfdr 


1 f T ° 

— J T \\w^t(x,-)\\l 2 ( _ £i£) dt, 


and hence 


2 f T ° 2 

11^7IIL 2 ((Q 3 \f2 2 )x(—To/2,To/2)) - C ll w 7,i llL 2 ((Q 3 \n 2 )x(-£,E)) c ^i 

J —To 

upon integrating with respect to (x, k) over (Ll 3 \ f^) x (—To/2, Tq/2). Thus, bearing in mind (14.12I) -( I4. 131) 
and applying Lemma l4~2l we end up getting that 

ll U ’7lll 2 ((Q 3 \n 2 )x(-To/2,To/2)) ^ C ( e ° 31 + eC 47 H^ u; lll 2 (r*x(—3T 0 ,3T 0 ))) • (4.29) 

Finally, we notice upon arguing in the same way, that V x /u ; 7 may be substituted for m 7 in the left hand side 
of (14.291) so the desired result follows from this and (14.291) . □ 

We next establish the coming result with the help of Lemma 1431 

Lemma 4.4. For any T > 0 fixed, we may find T\ £ (0, T) such that we have 


IMli 2 ((n 3 \n 2 )x(-Ti,Ti)) + H v F^llL 2 ((n 3 \Q 2 )x(_ Tl ,Ti)) - c ^ 2 fiN + e ' 557 ll^' u lll 2 (r»x(-T,T))l > (4.30) 

for every 7 £ [ 70 , + 00 ). Here C > 0 depends only on 00, ujq, and T, and the constant d~, is the same as in 
Lemma 14.31 


Proof. Let u{-, £), for ( £ M, denote the partial Fourier transform computed at £ of t >-»• u(-, t ). In light of 
(14.281) . it holds true that 

es(;0-vh(;0 = (1 -T;)M-,C), C£M- (4.31) 

Therefore, taking into account that T 7 (C) = , using that 1 — e y2m < Cy N for all y £ [0, + 00 ) 

(since 2m > N from (14.81) ) and recalling that p > p and 7 > 1, we derive from (14.31b that 

\\9w(x, •) - Wy(x, -)||l 2 (R) < ~^\\C N 0w(x, -)||l 2 (r), x £ \ n 2 . (4.32) 

Since the function 0 , defined in (14.121) , is supported in (—3To, 3 Tq), it then follows from (14.321) that 

1 C 

II 0w(x,-) — m 7 (x, -)IIl 2 (r) < -j^\\d^( 0 w)(x,-)\\ L 2 m < —^\\w(x,-)\\ H N { _ 3Tot3To) , x £ Q 3 \n 2 , 

(4.33) 
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for some constant C > 0 depending neither on x nor on 7 . Thus, bearing in mind that 0(t) = 1 for each 
t £ [—To/2, To/2], we get upon squaring and integrating both sides of (14.331) with respect to x over f> :! \ () 2 , 
that 

C 

||w - 1|l 2 ((n 3 \n 2 ) x(-T o/2,t 0 /2)) < ^jv > 7^(1, + 00 ). (4.34) 

Here we used (14.181) to bound from above the L 2 (Q,z H N (— 3Tq, 3To))-norm of the function w(x, t) = 

w(x, T /(3To)f), uniformly in 7 £ (0,1). 

Further, we proceed in the same way as in the derivation of (14.341) and obtain that 

IIVz'W - Va;'U; 7 || L 2 ( ( a 3\ n 2 )x( _ To/ 2 iro /2)) < ^ 7 - 

From this, (14.341) and Lemma 1431 it follows for all 7 £ [ 70 , + 00 ) that 

ll^lli 2 ((Q 3 \n 2 )x(-To/2,T 0 /2)) + ll V * , ^llL 2 ((a 3 \02)x(-To/2,To/2)) 

- Z 2 JIW + ll u '7lll 2 ((n 3 \n 2 )x(-ro/2,To/2)) + ll v ^' u; 7lli 2 ((n 3 \n2)x(-To/2,ro/2)) 


C 


1 


2 fiN 


o^57 I 


7 


* x(—3 Tq,3To)) 


provided To is sufficiently large. As a consequence we have 

|2 


< C 


IMlL 2 ((fi 2 W 3 )x(-hTo/2,/iT 0 /2)) + ll V FHlL 2 ((f7 2 \Q 3 ) x (-hT 0 /2,/iTo/2)) 

1 


2fiN 


7 


+ e' 


4571 


t /U ’llL 2 (r*x(-3/iTo,3hT 0 )) I > 


(4.35) 


since w(-,t ) = w(-,ht) for every i £ K. Finally, bearing in mind that h = T/(3To) and recalling from 
(14.161 ) that w(x, t ) = x(a ;')v(x, t ) = v(x, t ) for every (x, t ) £ (H 3 \ H 2 ) x (—T, T), we end up getting from 
(14.351) that 


1 


IMlL 2 ((It 2 \n 3 )x(-T/ 6 ,T/ 6 )) + ll V *HI.L 2 ((n 2 \n 3 )x(-T/ 6 ,T/ 6 )) - C (^2/UV + e 57 |l^' U llL 2 (r*x(-T,T)) 

This yields (14.301) with Ti = T/ 6 . 


□ 


Armed with Lemma 1431 we are now in position to complete the proof of Lemma [231 This can be done 
upon applying (14.301) with 7 = | log ||<9i/n||J /J5, which is allowed when ||c? I/ t;|| !| , £ (0, e -5 ® 70 ] so that we 
have 7 > 7o- We find that 


IMl! 2 ((n 2 \fi 3 )x(-Ti,Ti)) + II v ^ / ^lli 2 ((f2 2 \n 3 )x(—Ti,Ti)) 

< C (|log H^nllJ- 2 ^ + ||M*) < C' | log Ru|| J" 2 ^ , 


(4.36) 


for C' is a suitable positive constant. On the other hand, when |(9,/i;|| >tv > e 15570 , it is clear from the estimate 
\\ v \\L 2 (-T,T-,m(Q,)) < 2C'||u 0 || H 2(jv+i) ( q) , arising from @J}, that 


li 2 ((n 2 \n 3 )x(-Ti,T 1 )) + Il v ^' i; lli 2 ((a2\!7 3 )x(-T 1 ,r 1 )) ^ c \ 


12 nN 


so we get (12.91 ) directly from this and from (14.361) (upon enlarging T into 6 T so that we have T\ = T / 
6 = T). 
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5. Appendix 


In this appendix we prove the parabolic Carleman estimate stated in Lemma |4~T1 Incidentally we make 
precise the dependence with respect to A and h, of the constant Co appearing in the right hand side of (14.71) . 

We stick with the notations of Section 4 and start by gathering several useful straightforward properties 
of the weight functions ipo and a, defined by (14.4M4.5I) . in the coming lemma. 

Lemma 5.1. We may find three constants Ao > 1, c > 0 and c! > 0, all of them depending only on ujq, such 
that for each A > Aq and all ( x r) £ cuq x (—1,1), the following estimates hold simultaneously: 


D 2 r ,a(y x >a, V x >a)(x' 


> 

cA 4 <po(x',r) 3 , 

(5.1) 

\A x ia(x', 

r )| 

< 

c\ 2 <po(x' : t) 2 , 

(5.2) 

\A 2 x ,a(x', 

r )| 

< 

c'AVoO',t) 3 , 

(5.3) 

\{d T a){A x 'a){x', 

r )| 

< 

dX 2 (p Q (x',r) 3 , 

(5.4) 

\d 2 a(x', 

r )| 

< 

c'p 0 (x',t) 3 , 

(5.5) 

\S7 x fd T a)(x ,t) ■ V x 'a(x', 

r ) 

< 

c\ 2 <p 0 (x',t) 3 , 

(5.6) 


,t) 

> 

-cA^olef, ('er- 1 . 

(5.7) 


In the sequel C denotes a generic positive constant which depends only on wo, whose value can change 
from line to line. 

Put z := e aOL - 


"w and notice for further reference from (14.4I) - (14.5I) that 

z(x, ±1) = 0, x £ flo = x R. 

Next, setting f a := e cra (h~ 1 d T — A)w, we find through direct computation that 

L\z + L 2 z = g a := f a - a(A x >a)z, 

where 

L\z := h~ l d T z + 2 oX7 x /a ■ V x >z, 

L 2 z := — Az — cr (h~ 1 (d T a) + (7 |V x 'a| 2 ^ z. 

Due to (I5.9I ). we have the identity 


y~] ll^i z llz, 2 (n 0 x(-i,i)) 
7 = 1,2 


+ 2Re 


(JJ a LizL 2 zdxdr^j = ||^||ia ( n oX( - lll)) . 


(5.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 


so we are left with the task of estimating the L 2 (Qq x (— 1 , l))-scalar product of L\z and L 2 z, appearing in 
the left hand side of (15.121) . In view of (15.10l) - (15 1 II) . we have 


2 / / L\zL 2 zdxdT = Ij, 

J 1 w oin • 1 O Q 


i=l,2,3 


where 


h 

h 

h 


:= 2 K 


1 J j d T z Az — cr (ji l (d T a) + cr|V x /a| 2 ^ z'j dxdr, 


l •'fto 

—4(j / / (V x'Ot ■ V x 'z) Azdxdr, 

J— i Jn 0 

r*l 


4(j 2 J j (V x ta ■ V x iz) (h 1 (d T a) + o | V x /a| 2 ^ zdxdr. 


(5.13) 

(5.14) 

(5.15) 

(5.16) 
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Bearing in mind that ^|9o oX (-i,i) = 0 from the very definition of z (since the same is true for the function 
w, according to ( 14. 1 71 )). we integrate by parts with respect to x in (15. 141) and obtain that 


Re 


(I\) = h x / J \Vz \ 2 — a(h 1 d T a + a\V x 'Ct\ 2 )d T \z\ 2 ^ dxdr. 


' — l J 

Recalling (15.81 ). we next integrate by parts with respect to r and find that 

Re (ii) = ah~ l J J (^hr l (d 2 a) \z \ 2 + 2a\7 x > (d T a) ■ V x 'aj \z\ 2 dxdr. (5.17) 

The second term, I 2 , is handled in a similar way. Namely, we integrate by parts with respect to x in the right 
hand side of (15.151) . use the identity Vz = (< d u z)v on dfl 0 x (—1,1), and get 

Re (I 2 ) = 4cr / f D 2 ,a(S7 x 'Z,X7 x iz)dxdT + 2a f f Va • \/\\/z\ 2 dxdr 

J — 1 J 0 J — 1 J £l() 

-1 


— 4(7 


J—i J <9r2o 

Therefore, taking into account that 


(d u a) |<9i,z| 2 dxdr. 


f f Va • V\Vz\ 2 dxdr = — f f (Aa)\\7z\ 2 dxdr + f f (d u a) \d u z \ 2 dxdr. 
J— 1 J £1 0 J —1 J J —1 J d£l 0 


we see that 


Re (fa) = D 2 x , 

J—i J n 0 

[ (d v a) | <9, 
-1 Jdn 0 


cn(y x 'z,V x 'z)dxdT — 2a / / (Aa)\\7z\ 2 dxdr 

— 1 J 0 J —1 J $7o 


— 2a I I (d u a)\d u z\ dxdr. (5.18) 

l-i Jan 0 

Let us now compute the real part of I 3 . To this end we notice upon integrating by parts with respect to x that 

2Re ( / / \\/ x ia \ 2 (V x ia ■’V x iz)'zdxdT\ 

'—1 J J 


j j V x /a| 2 A x ia + 2D 2 ,a(y x ’a, V x /a)J \z\ 2 dxdr, 


(5.19) 


and that 


i— L J Oo 

It follows from this, (15.161 ) and (15.191 ) that 


/ ( d T a)(V x /a ■ V x /z)zdxdr I 
— 1 J / 

[ f ((d T a)(A x >a) + (V x /(<9. T a) • V x /a)) \z \ 2 dxdr. 
7-1 7 On 


Re(/ 3 ) = 2a a 


+ 2(7 


I J V x 'a| 2 (A x ra) + 2 D 2 ,a('V x >a, V x /a)^ \z \ 2 dxdr 
2 h ~ 1 f f ((d T a)(A x ia) + V x /(<9 r a) • V^a) \z \ 2 dxdr. 

J — 1 J f2n 


(5.20) 
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Finally, putting (15.13b . (15.171 ). (15.181 ) and (15.201 ) together we end up getting that 

f (A x ra) (|V^| 2 — a 2 |V x /a| 2 \z\ z ) dxdr 
-l Jn 0 ' 


2Re 


L\zL 2 zdxdr ) = —2cj 


-1 


+4cj f f D 2 ,a('V x /z,'V x 'z)dxdT + E Jj, (5-21) 
7 -i Jn 0 j = 12,3 


where have set 


J\ := 4cr d f f D 2 ,a(V x ia, V x /a) \z \ 2 dxdr, 

J — 1 J Qq 
-1 r 

i2 


+2 —2(7 


1—1 J dQo 

cl 


(d u a) | d v z\ dxdr, 


(5.22) 

(5.23) 


t 2 H 1 f f (2V x >(d r a) ■ V x ia + (d T a)A x >a) \z \ 2 dxdr 

J — 1 J f2n 


J 3 := 2ct 

(—1 J li o 

+ah~ 2 f j (d 2 a) \z\ 2 dxdr. (5.24) 

J— i Jn 0 

The next step of the proof is to bound from below each of the three terms Jj, j = 1, 2, 3, appearing in the 
right hand side of (15.211 ). In view of (15. II) . J\ is easily treated by (15.221) . as we have 

Ji > 4c ( 7 3 A 4 ||^ /2 ^|| 2(nox( _i ) i)) J A > A 0 , (5.25) 

where c is the constant defined in Lemma [5711 Similarly, we deduce from (15 .4b — (15.61) and (15.241) that 

|J 3 | < (6<7 2 /i _1 + (7/i _2 )C' 2 A 2 ||<^q /2 2|| 2 2 ( q ox( _ 1)1)) , A > Ao, 

where d is the same as in Lemma [5711 Therefore, for all a > <7o//i,it follows readily from this and (15.251) 
that 

Ji + J 3 > C'<7 3 A 4 ||(^q /2 z|| 2 2 ( q ox( _ 1 1)} , A > Ao, (5.26) 

for some constant C > 0, depending only on uq. On the other hand, since d u a = AfOy+oj+o on dQ o x 
(—1,1) , by (14.41 ). the identity (15.231) yields 

J 2 > -2a\\\<pl /2 (d u i/j 0 ) 1/2 d u z\\l2 ir * x{ _ hl y 

Now, putting this together with (15.71 ). (15.211) and (15.261) . we obtain for all A > Ao and all a > a^/h that 

cl 

2Re ' 


I iJn LlZL2ZdxdT ) - < ^ cr3 ^ 4 |l ( Fo //2 "ll| 2 (n 0 x(-l,l)) — 4ccr -^ll+ 0 /2V a;' 2: llL 2 (Oox(-l,l)) 

1/2 


2°'A||+o (diyipo) ^ ^i/^||x,2(r,x(-i,i)) 2S7 


where 


S :=(7 


1 [ (A x ,a)(\Vzf 
-l Jn 0 v 


— <7^ I V r 'ar \zr I dxdr. 


(5.27) 

(5.28) 


J — 1 J Oo 

The rest of the proof involves bounding S from above. To this purpose we recall from (15.111) that 

A I ~|2 

\Vz \ 2 — a 2 |V x /a| \z \ 2 = Re ((L 2 2 )T) 4---F ah~ 1 (d T a)\z\ 2 , 

and then deduce from (15.281) that 

S = a f f (A x ra) [A\z \ 2 /2 + Re ((L 2 £)z) + <7/i” 1 (<9 T a:)|’:| 2 ) dxdr 
J— i J 
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= a J j ^(A 2 ,a/2) \z\ 2 + (A x >a) (Re ((L- 2 z)z) + ah 1 (d T a)\z\ 2 )' S j dxdr. 

As a consequence we have 

|' s 1 < ll^2-|li2 ( Q)/4+|||A^a| 1/ ' 2 z||^2 (noX (_ 1)1 )) 

+ 0 "' (ll(Ax'a)2|lL2(Q oX (-i,i)) + h 4 || \d T a\ ^|lL2(n oX (-i, 1 ))) • 

This, together with (15.2I) - (15.3I) and (15.61) . yields that 

\S\ < ||^2^Hl2(q) /4 + C (crA 4 + a 2 A 2 (A 2 + h 4 )) \\<${ ^11x, 2 (S7 0x (—i,!.))- 

It follows from this and (15.271) upon taking a > (Jq/ h that 

2Re (/1 L Llzl ^ dxdT ) + W L ^ z WlHq) / 2 > (j3A4 |l^o /2 -lll2 (nox( _ ljl)) - 4ca||c^g /2 ||^2 ( q 0 ><(„! !)) 

-2aA||^o /2 (^V'o) 1/2 ^2||| 2(rtX (_i i i)). 

Having estimated all the contributions depending on h, we proceed as in fl8l Appendix] and obtain the 
desired result. 
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